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Abstract
In this paper, we investigate if it occurs a phase transition for a system of clas-
sical dimers adsorbed on a 3-4 lattice in the thermodynamic limit. We define four
types of bonds (denoted by the dimers activities adsorbed in her, x, y, u and v)
and evaluated the partition function from the combinatorial method of the pfaffian
and using periodic boundary conditions. We write the density of free energy per
particle and the condition to his analyticity, showing that there is a critical point
for a determined choice of the activities. We also numerically evaluated the integral
on free energy and their derivates (entropy and specific heat) for the same case and
compute the entropy density and molecular freedom per particle at high tempera-
tures for this choice of the activities.
Keywords: Dimer model, 3-4 lattice, phase transition, exact results.
1 Introduction
The dimer model has been proposed in 1937 to explain the thermodynamic behavior
of a gas of diatomic molecules (dimers) adsorbed1 on a crystalline surface [1]. In the 1960s
emerged solutions based on combinatorial methods, in which were obtained the partition
function for the system of dimers in bidimensional lattices [2, 3, 4, 5]. In fact, the harder
part in the solution of this model consists to determinate the number of ways to arrange
an ensemble of dimers in a lattice.
The dimer model is one of the few nontrivial lattice models in statistical mechanics
that may be exactly solved, and until today arouses the interest of mathematics and
physicists [6, 7, 8, 9, 10].
The existence of a phase transition in dimer models depends on the geometry of the
lattice and on the choice of the bond activities [9]. A search in the literature indicates
that still does not exist treatment of dimer model in a 3-4 lattice. So, this paper does it.
In this paper, we investigated if it occurs a phase transition in dimer model in a 3-4
lattice with periodic boundary conditions. For this, we use the combinatorial method of
the pfaffian developed by Kasteleyn [11].
We begin the text with an introduction to method together with some examples of his
application in planar lattices. After, we show the results obtained for 3-4 lattice, followed
by his discussion.
1The term adsorption are associated to a superficial process. It refers to the phenomena which a gas
stays on a surface of a crystalline material. This term does not have to be confounded with absorption,
which do not is a surface phenomenon.
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2 Method
In this section, we present the combinatorial method that we use to determinate the
partition function for the dimers in a generic planar lattice. We consider in all this text
only configurations known as the closed-packed dimer model, where the lattice is entirely
covered with dimers, without there are holes or isolated particles (monomers) [12]. This
configuration is known in the graph theory as perfect matching [13].
The problem of statistical of closed-packed dimers on a planar lattice may be sum-
marised in the following way [2, 3, 5, 12, 13]: given a lattice with N sites, how to cover
completely the lattice with dimers without there are holes? That number naturally it
depends to lattice shape. For example, we show in the figure 1 a dimer configuration
possible for the quadratic lattice. In other words, the figure 1 shows a perfect matching
possible in a quadratic lattice with 6× 6 sites2.
The total energy of the dimers adsorbed on a two-dimensional lattice, in which the
dimer that stays in a given bond of the lattice have a b energy (for example, horizontal
bonds, vertical bonds) [2, 3, 5, 12, 13], is given by
E =
∑
b
b. (1)
So, the partition function for dimers adsorbed on a lattice with several types of bond b is
Z({Nb}) =
∑
C
gC({Nb}) exp
(
−β
∑
b
b
)
=
∑
C
gC({Nb})
∏
b
zNbb , (2)
in that gC denote the dimers states multiplicity [2, 3, 5, 13]. In other words, gC denote
the number of perfect matchings for a given lattice. The zb term (the Boltzmann factor)
is the activity of the dimers in the b bond (zb = e−βb) and Nb denotes the number of
bonds of b type. The basic question to solve any dimer problem is how determinate gC .
Figure 1: An example of dimer configuration in a quadratic lattice.
The answer to this question was provided by Kasteleyn, which is known as the pfaffian
method [2, 11, 12, 14]. Whit his theorem, which has been famous in graph theory [13],
2Note that this is just a manner of to arrange the dimers in a way that the condition that not there
are holes is satisfied. For the partition function calculus, we need determinate the number of possible
dimer configurations, which named multiplicity of the dimer states.
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kasteleyn demonstrate that if we associate a special orientation (namely, a pfaffian ori-
entation) to the graph representing the lattice, the number of dimer configurations (gC)
is given by the pfaffian of the adjacency3 matrix associated to graph. The pfaffian is a
polynomial in the entries of the adjacency matrix, which is very similar to the determi-
nant of the matrix. In case of the dimers adsorbed in a given lattice, the entries of the
adjacency matrix are 0 or 1 and the pffafian perfectly count the number of possible perfect
matchings in the lattice [2, 3, 5, 12, 13, 14]. The pfaffian of the adjacency matrix is equal
to square root of her determinant:
pf(A) =
√
det(A). (3)
The Kasteleyn’s theorem establishes that all planar graph has at least one pfaffian
orientation. A pfaffian orientation is that in which the bonds are oriented in a way that
the number of bonds oriented in the clockwise in any elementary polygon in the lattice is
odd [2, 11, 12, 13, 14].
In the thermodynamic limit, the size of lattice goes to infinity, in a manner that the
order of matrix is also infinity. However, when we use periodic boundary conditions, the
adjacency matrix has a periodic structure, which may be diagonalized in blocs, in a way
that it only takes compute the determinant of a matrix which usually only reaches the
order 10, since all the blocs are equal [14]. In this case, the free energy per particle to the
adsorbed dimers on a two-dimensional lattice is given by
− βf = 1
8pi2
∫ 2pi
0
dθ
∫ 2pi
0
dφ ln detΛ, (4)
in that Λ denote the blocs of the adjacency matrix, and they are may be written as [14]
Λ(θ, φ) =
∑
u
M(~u)ei~u·
~ψ, (5)
in that ~u = (ui, uj) is a vector that identify the position of each unitary cell in the plan
and ~ψ = (θ, φ). The elements of the matrixM denotes the connectivity of the sites in the
basic cell, that is, Mi,j = 0 if there is no bond connecting the sites i and j, 1, if there is
one bond oriented from i to j, and -1 if there is one bond oriented from j to i. The order of
theM matrix is equal to the number of sites in each cell, and the number of the matrices
M required is equal to the central cell plus the number of the first neighbor cells. In next
section, we show two examples of how to use the equation 4 to determinate the density
of free energy of the two classical dimer models, in the triangular and 4-8 lattice.
2.1 Example in the triangular lattice
An interesting dimer problem that presents phase transition considers the dimers ad-
sorbed on the triangular lattice. We show in the figure 2 a piece of the triangular lattice
together with the basic cells of interest and a pfaffian orientation for the bonds. We show
in red the cell that generates all lattice and in green his first neighbor cells. Now let’s
apply the method showed in the previous section for this lattice.
As is usually done in papers [15], we consider three types of bonds, horizontal, vertical
and diagonal. In this case, the matrices M associated with unitary cells showed in the
figure are
3The adjacency matrix is a matrix which the entries (ai,j) denote the number of bonds connecting the
sites i and j.
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Figure 2: Our scheme for triangular lattice together with the Kasteleyn orientation of
edges.
M (0, 0) =
[
0 z1
−z1 0
]
;
M (−1, 0) =
[
0 −z1
0 0
]
;M (1, 0) =
[
0 0
z1 0
]
;M (0, −1) =
[−z2 0
z3 z2
]
;
M (0, 1) =
[
z2 −z3
0 −z2
]
;M (−1, −1) =
[
0 −z3
0 0
]
M(1, 1) =
[
0 0
z3 0
]
.
So, the matrix Λ required to calculate the partition function is
Λ =
[
z2(e
iφ − e−iφ) z1(1− e−iθ)− z3(eiφ − e−i(θ+φ))
z1(e
iθ − 1) + z3(ei(θ+φ) + e−iφ) −z2(eiφ − e−iφ)
]
, (6)
so that
detΛ =
[
z21 + z
2
2 + z
2
3 − z21 cos θ − z22 cos 2φ+ z23 cos (θ + 2φ)
]
. (7)
From the form of the determinant, we to may find the critical points for the dimers
adsorbed on triangular lattice [15]. This may be done by looking at a portion of the plane
(θ, φ), that is, examining the equation 7 for a certain value of θ and φ. This provides
three possible critical points,
zi = 0, i = 1, 2, 3. (8)
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2.2 Example in the 4-8 lattice
The dimer model on 4-8 lattice constitutes a problem of fundamental importance since
has direct application on phase transition problem of physical systems [9, 15, 16]. We show
in the figure 3 a peace of the 4-8 lattice and a pfaffian orientation for their bonds.
Figure 3: Our scheme for 4-8 lattice together with the Kasteleyn orientation of edges.
In this case, we make a distinction between four different types of bounds, that is
equivalent to four distinct values of energy. So that, the matrices representing the basic
cells are
M (0, 0) =

0 v 0 −u
−v 0 −u 0
0 u 0 v
u 0 −v 0
 ;
M (−1, 0) =

0 0 0 0
0 0 0 0
0 0 0 0
0 −x 0 0
 ;M(1, 0) =

0 0 0 0
0 0 0 x
0 0 0 0
0 0 0 0
 ;
M (0, −1) =

0 0 0 0
0 0 0 0
−y 0 0 0
0 0 0 0
 ;M(0, 1) =

0 0 y 0
0 0 0 0
0 0 0 0
0 0 0 0
 ,
in a way that the adjacency matrices blocs have the form
5
Λ =

0 v y eiφ −u
−v 0 −u x eiθ
−y e−iφ u 0 v
u −x e−iθ −v 0
 . (9)
The specific heat of dimers on 4-8 lattice blows up when the fugacities satisfy the
relation
xy = u2 + v2. (10)
3 Results
We show follow our representation for the 3-4 lattice that we consider in this paper
(fig. 4). We make choice four distinct types of the bonds, as is shown in the figure 4.
We also show the Kasteleyn prescription of pfaffian orientation of edges and the relevant
basic cells for the pfaffian calculus.
Figure 4: Our scheme for 3-4 lattice together with the Kasteleyn orientation of edges.
The matrices related to unitary cells are
M (0, 0) =
[
0 y
−y 0
]
(11)
M (−1, 0) =
[
0 −x
0 0
]
;M (1, 0) =
[
0 0
x 0
]
(12)
M (0, −1) =
[−u 0
v u
]
;M(0, 1) =
[
u −v
0 −u
]
, (13)
so that write the blocs of the adjacency matrix as
6
Λ =
[
u(eiφ − e−iφ) y − x e−iθ − v eiφ
−y + x eiθ + v e−iφ u(e−iφ − eiφ)
]
. (14)
We may now write easily the determinant of adjacency matrix and consequently the free
energy on thermodynamic limit:
detΛ =
[
2u2 + v2 + x2 + y2 − 2y(x cos θ + v cosφ)− 2u2 cos 2φ+ 2xv cos (θ + φ)] (15)
− βf = 1
4pi
∫ 2pi
0
dφ ln
[
u2 +
1
2
(v2 + x2 + y2)− yv cosφ− u2 cos 2φ+
√
q(φ)
]
(16)
where
q(φ) = (u2+
1
2
(v2+x2+y2)−yv cosφ−u2 cos 2φ)2−(−xy+vx cosφ)2−v2x2 sin2 φ. (17)
The quantity q(φ) defines the critical point of the lattice, that occur when
v = x+ y. (18)
If we make x = y and u = v, we may simplify the expression in 16, that may be numerically
evaluated in function the value of z = y
v
, where the critical point is given by z = 1
2
.
We show in figures 5 and 6 the plots of free energy, entropy and specific heat for
particle.
(a) Free energy per particle. (b) Entropy per particle.
Figure 5: Plots of free energy and entropy per particle in function of z
7
Figure 6: Specific heat per particle in function of z.
4 Discussion
As we say in the previous section, we consider the special case in that x = y and
u = v, which implies z = 1/2 as the critical point. As z = e−β, we may write the critical
temperature as
Tc =
2 − 1
kB ln 2
, (19)
in that 1 and 2 are given respcetively from v = e−β1 and y = e−β2 , which is the same
expression for the honeycomb lattice, although in other context.
We numerically integrate the expressions for density of free energy, entropy density
and specific heat per dimer (figs. 5 and 6). The plots demonstrate that the analytical
result suggests, namely, that the specific heat blows up in the critical value of z.
A relevant quantity in dimer models is the molecular freedom of adsorbed dimers,
which it is identified as the number of accessible configurations per dimer in the limit of
the high temperatures,
Φ = exp
lnZ{zi = 1}
N
= 2. 015 269 613 . . . . (20)
This quantity is obtained from entropy in high temperatures, which is given by
lnZ{zi = 1}
N
= 0.700 752 989 . . . (21)
We show in table 1 the values of molecular freedom to dimer model in several lattices.
Lattice distinct bonds Molecular freedom
rectangular 2 1. 791 622 812 . . .
honeycomb 3 1. 381 356 444 . . .
triangular 3 2. 356 527 353 . . .
4-8 4 1. 457 897 968 . . .
3-4 4 2. 015 269 613 . . .
Table 1: Comparactive frame of lattices molecular freedom.
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5 Conclusions
We use the pfaffian combinatorial method to determinate the equilibrium properties
of a system of adsorbed dimers in a 3-4 lattice. We consider four distinct types of bonds,
with four values of energy. The results suggest that the specific heat per particle blows
up when the fugacities associated to lattice bonds obey the relation v = x+ y.
Although the 3-4 lattice showed in this paper it seems with the triangular lattice, our
result demonstrates that the critical behavior is distinct for of that. In fact, in the present
case appear a critical behavior nontrivial, which the critical temperature occurs up T = 0.
Much is already known about classical dimer modes in literature. Despite, as we show
in this paper, some researchers still are interested in the treatment that models. In fact,
this paper show that yet there are new interesting results for obtaining.
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